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Enhancing the quantum correlations in realistic quantum systems interacting with the environment of finite
temperature is an important subject in quantum information processing. In this paper, we use weak measurement
and measurement reversal to enhance the quantum correlations in a quantum system consisting of two particles.
The transitions of the quantum correlations measured by the local quantum uncertainty of qubit-qubit and qutrit-
qutrit quantum systems under generalized amplitude damping channels are investigated. We show that, after the
weak measurement and measurement reversal, the joint system shows more robustness against decoherence.
PACS numbers: 03.67.YZ, 03.65.Ud
I. INTRODUCTION
Decoherence in realistic quantum systems affects quantum
features in quantum information processing (QIP) severely
[1, 2]. Thus protecting quantum states under decoherence is
an important subject in QIP tasks. Many schemes have been
put forward to achieve this purpose, including dynamical de-
coupling [3–5], decoherence free subspaces [6–8], quantum
error correction code [9–11], environment-assisted error cor-
rection scheme [12, 13], quantum Zeno dynamics [14, 15],
etc. A novel idea for protecting quantum states by weak mea-
surement and measurement reversal has been proposed theo-
retically [16, 17], and it has been experimentally implemented
in the last few years [18–20]. The researches focus on the fi-
delity and quantum entanglement of a quantum system pro-
tected by weak measurement and measurement reversal under
decoherence [21–24].
It is widely believed that quantum entanglement is only one
of the ingredients of quantum features [25]. As a larger fam-
ily, quantum correlations are believed to reflect more about the
quantumness in QIP [26]. Explicitly, quantum entanglement
is a subset of quantum correlations for mixed states. In most
QIP tasks, we always face the situation that the quantum sys-
tem is a mixed state, especially when the quantum system suf-
fers from decoherence. Therefore, it is desirable to study, and
to protect, the quantum correlations in the realistic quantum
systems under decoherence. There are many kinds of quan-
tifiers of quantum correlations, we adopt the local quantum
uncertainty [27, 28] for its operability.
We study the enhancement of quantum correlations for
qubit-qubit and qutrit-qutrit quantum systems. It need to be
noted that in the three-dimensional case, we suppose each of
the two particles has V-configuration energy levels, as illus-
trated in Fig. 1. The extension to Λ-configuration can be
∗ gllong@tsinghua.edu.cn
naturally done by our approach. In this case, only the tran-
sitions from |2〉 and |1〉 to |0〉 are allowed, which simplifies
our analysis. In order to characterize decoherence in a finite
temperature environment, we use the generalized amplitude
damping channel.
|0>
|2>
|1>
FIG. 1. (Color online) Energy level of a V-configuration particle.
The transitions characterized by red lines only happen when the tem-
perature is non-zero.
In this paper, we study the enhancement of quantum corre-
lations by weak measurement and measurement reversal. We
show that under decoherence, the quantum correlations be-
tween two particles can be enhanced. The remainder of this
paper is organized as follows: In Sec. II, we give the pre-
liminaries needed in the following parts. We will introduce
the local quantum uncertainty and its closed form. The Kraus
operators of the generalized amplitude damping for two- and
three-dimensional quantum states having V-configuration en-
ergy levels are given. We have also shown the mathemati-
cal expressions for the weak measurement and measurement
reversal operators. In Sec. III, we investigate the enhance-
ment of quantum correlations using the weak measurement
and measurement reversal for the qubit-qubit Bell state with
white noise, a non-symmetrical qubit-qubit mixed state, and
2the qutrit-qutrit Bell state with white noise. We have shown
that the approach can be used to enhance the quantum corre-
lations under decoherence. In Sec. IV, we have discussed the
fidelity of the final output state, and give some conclusions.
II. BASIC THEORY
A. Local quantum uncertainty
The local quantum uncertainty (LQU) is defined as
UA = min
KA
I(ρAB,KA), (1)
where we have denoted the two particles as A and B, the mini-
mum is optimized over all the non-degenerate operators on A:
KA = ΛA ⊗ IB, and
I(ρ,K) = −1
2
Tr{[√ρ,KA]2} (2)
is the skew information [29]. It has been shown that the closed
form of the LQU for quantum states in H2 ⊗Hd is [27]
UA = 1 − λmax(W), (3)
where λmax is the maximum eigenvalue of the 3 × 3 matrix
W with elements Wi j = Tr{ √ρ(σi ⊗ I)√ρ(σ j ⊗ I)} and σi
(i = 1, 2, 3) represents the Pauli matrices. The closed form of
the LQU for a large class of high-dimentional quantum states
in Hd1 ⊗Hd2 is [28]
UA = 2d1 − λmax(W), (4)
where W is a (d21 − 1) × (d21 − 1) matrix with elements
Wi j = Tr{ √ρ(λi ⊗ Id2 )
√
ρ(λ j ⊗ Id2 )} − Gi jL, (5)
with
Gi j = (gi j1, · · · , gi jk, · · · , gi jd21−1),
L = (Tr(ρλ1 ⊗ Id2 ), · · · ,Tr(ρλk ⊗ Id2 ), · · · ,Tr(ρλd21−1 ⊗ Id2 ))
T ,
(6)
and λ j ( j = 1, · · · , d2−1) are the generators of SU(d), namely,
λ j =

√
2
j( j+1)
(∑ j
k= 1 |k〉〈k| − j| j + 1〉〈 j + 1|
)
, j = 1, ..., d − 1
|k〉〈m| + |m〉〈k|(1 ≤ k < m ≤ d), j = d, ..., d(d+1)2 − 1
i(|k〉〈m| − |m〉〈k|)(1 ≤ k < m ≤ d), j = d(d+1)2 , ..., d2 − 1
,
(7)
and gi jk = 14 Tr({λi, λ j}λk). It needs to be noted that the defini-
tion of the LQU requires ΛA not being degenerate, therefore
the results after the simulation should be re-checked to make
sure ΛA is non-degenerate when the LQU is maximized. This
can be realized by the approach given in Ref. [28]. In the
following, unless noted, the results are checked to be valid.
B. Generalized amplitude damping
For zero temperature environment, there only exists the
transitions from higher energy levels to lower ones, in other
words, the loss of excitations. This kind of the transition is
characterized by the amplitude damping (AD). In two dimen-
sional case, the AD can be mathematically expressed by Kraus
operators as
E0 =
(
1 0
0
√
1 − p
)
, E1 =
(
0 √p
0 0
)
, (8)
where p represents the transition probability from quantum
state |1〉 to state |0〉. When the temperature of the environment
is non-zero, the situation turns out to be more complicated
since except for the the loss of excitations, there exists the
gain of excitations. This process can be characterized by the
generalized amplitude damping (GAD). Suppose the proba-
bility of losing the excitation |1〉 is r, then the probability of
gaining the excitation is 1 − r. Therefore, in two dimensional
quantum systems, the Kraus operators of the GAD are [1]
E0 =
√
r
(
1 0
0
√
1 − p
)
, E1 =
√
r
(
0 √p
0 0
)
,
E2 =
√
1 − r
( √
1 − p 0
0 1
)
, E3 =
√
1 − r
(
0 0√p 0
)
. (9)
It needs to be noted that when r = 1, the GAD reduces to the
AD case.
For quantum systems consisting of three energy levels of
V-configuration, the derivation of the Kraus operators of the
GAD can be done naturally following the approach we have
given. The results are
E0 =
√
r

1 0 0
0
√
1 − p1 0
0 0
√
1 − p2
 ,
E1 =
√
r

0 √p1 0
0 0 0
0 0 0
 , E2 =
√
r

0 0 √p2
0 0 0
0 0 0
 ,
E3 =
√
1 − r

√
1 − p1 − p2 0 0
0 1 0
0 0 1
 ,
E4 =
√
1 − r

0 0 0√p1 0 0
0 0 0
 , E5 =
√
1 − r

0 0 0
0 0 0√p2 0 0
 ,
(10)
where p1 and p2 are the transition probabilities from |1〉 and
|2〉 to |0〉, respectively.
In our study, we let the two particles undergo different GAD
channels as illustrated in Fig. 2. We assume the initial state is
ρi, the state after decoherence is
ρ f =
n−1∑
i, j=0
(Ei ⊗ E j)ρi(Ei ⊗ E j)†, (11)
where n is the number of the Kraus operators.
3A
B
GAD Channel 1
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FIG. 2. (Color online) The two particles A and B undergo different
GAD channels, i.e. ’GAD Channel 1’ and ’GAD Channel 2’ respec-
tively.
C. Weak measurement and measurement reversal
The basic approach of enhancing quantum correlations by
weak measurement and measurement reversal for two-partite
quantum systems is illustrated in Fig. 3, where we call this
scheme two-step enhancement of quantum correlations. First,
we apply weak measurement M to the quantum system in or-
der to push the initial state to a space with less decoherence
effect. Then the two particles are put in the finite-temperature
environment characterized by GAD channels. After decoher-
ence, we apply the reversal measurement N to recover the
quantum correlations.
ȡ0 DecoherenceM N
BA BA BABA
FIG. 3. (Color online) The procedure of enhancing quantum corre-
lations under decoherence by weak measurement and measurement
reversal. The intensity of the color in the ellipses stands for the quan-
tum correlations between particles A and B.
The weak measurement operator for qubit quantum systems
in a general case is
M(2) =
(
1 0
0 m
)
, (12)
where m ∈ [0,∞), and when 0 ≤ m ≤ 1, M is a measurement
partially collapsing the quantum system to the ground state
|0〉, otherwise, M partially collapses the quantum system to
|1〉 [24]. For qutrit quantum systems, the weak measurement
is [23]
M(3) =

1 0 0
0 m(1) 0
0 0 m(2)
 ,
(13)
where m1,m2 ∈ [0,∞).
The measurement reversal operator for qubit and qutrit
quantum systems are
N(2) =
(
n 0
0 1
)
,N(3) =

n(1) 0 0
0 n(2) 0
0 0 n(3)
 , (14)
where n ∈ [0,∞), and 0 ≤ n(1), n(2), n(3) ≤ 1. It needs to
be noted here that for qutrit quantum systems, we have con-
structed the operators M(3) and N(3) in more general forms
than in Ref. [23].
III. ENHANCING QUANTUM CORRELATIONS
A. Qubit-qubit Bell state
To demonstrate the approach, we will give our analysis in
an explicit manner. The initial quantum state of the two parti-
cle is chosen as the qubit-qubit Bell state
ρ0 =
1
2
(|00〉 + |11〉)(〈00|+ 〈11|), (15)
and it is no surprise that UA(ρ0) = 1.
As we have stated above, the weak measurement is
M =
(
1 0
0 m1
)
⊗
(
1 0
0 m2
)
. (16)
After the weak measurement M performed on ρ0, the state
becomes
ρ1 =
Mρ0 M†
Tr(ρ0M†M)
. (17)
Then we put the particles in a finite temperature envi-
ronment to study the quantum correlations under decoher-
ence. Without lose of generality, we choose r1 = r2 = 0.5,
p1 = p2 = 0.5 in the GAD channels (Eq. (9)) and assume the
two particles suffer from the same quantum noises (see Fig.
2). It can be calculated that without the weak measurement
and measurement reversal, the LQU reduces to 0.134.
As the last step, we need to perform the measurement re-
versal
N =
(
n1 0
0 1
)
⊗
(
n2 0
0 1
)
, (18)
then the state is
ρ3 =
Nρ2N†
Tr(ρ2N†N)
. (19)
Because of the large number of the parameters, we use the
genetic algorithm in our simulation. By optimizing upon
m1, m2, n1, n2, the LQU of ρ3 is maximized when m1 =
1.285,m2 = 0.760, n1 = 1.606, n2 = 0.830, in this case,
UA(ρ1) = 0.218. The dependence of UA(ρ3) on n1 and n2
with fixed m1 = 1.285,m2 = 0.760 is shown in Fig. 4.
Therefore, we have shown that the weak measurements and
measurement reversal have enhanced the quantum correla-
tions between the particles under decoherence.
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FIG. 4. (Color online) The LQU of ρ3 versus n1 and n2 with fixed
m1 = 1.285,m2 = 0.760.
B. Non-symmetrical qubit-qubit mixed state
We consider a general case in which the qubit-qubit state
has no symmetry under the permutation of the two particles.
The quantum state is chosen as
ρ0 =
1
2
|ψ〉〈ψ| + 18 I, (20)
where |ψ〉 = 1√
2
|01〉 + 12 |10〉 + 12 |11〉, and UA(ρ0) = 0.096.
First we perform the weak measurement (see Eq. (16)),
then the two particles decoherence under different GAD chan-
nels where r1 = r2 = 0.5, and p1 = p2 = 0.5. As the last step,
the measurement reversal is performed. It can be optimized
that the maximum of the LQU is given when m1 = 1.65,m2 =
1.20, n1 = 0.85, n2 = 0.90, and in this case, the LQU is 0.031.
The LQU against N with fixed m1 = 1.65,m2 = 1.20 is shown
in Fig. 5.
Now we compare our results with and without weak mea-
surement and measurement reversal. It can be easily calcu-
lated that if M and N are omitted, the decoherence of the two
particles causes the quantum correlations drop rapidly. The
LQU reduces to 0.019. We can see that the weak measure-
ment and measurement reversal have enhanced the quantum
system’s ability against decoherence.
C. Non-symmetrical qutrit-qutrit mixed state
To illustrate our approach of enhancing the quantum corre-
lations between qutrits, we consider
ρ0 =
1
2
|ψ〉〈ψ| + 1
18 I, (21)
where |ψ〉 = 12 |10〉 + 1√2 |02〉 +
1
2 |21〉, and UA(ρ0) = 0.130.
n2
n
1
 
 
0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0 0
0.005
0.01
0.015
0.02
0.025
0.03
FIG. 5. (Color online) The LQU against n1 and n2 during the mea-
surement reversal N with fixed m1 = 1.65,m2 = 1.20.
TABLE I. The enhancement of the quantum correlations under deco-
herence by weak measurement and measurement reversal.
(LQU of) Quantum states 2D Bell Non-symmetrical 2D 3D
Initial state 1.0 0.096 0.130
Perform M and N 0.218 0.031 0.081
Without M and N 0.134 0.019 0.072
In this case, the weak measurement and measurement re-
versal operators are
M =

1 0 0
0 m(1)1 0
0 0 m(2)1
 ⊗

1 0 0
0 m(1)2 0
0 0 m(2)2
 ,
N =

n
(1)
1 0 0
0 n(2)1 0
0 0 n(3)1
 ⊗

n
(1)
2 0 0
0 n(2)2 0
0 0 n(3)2
 . (22)
In this case, we consider a more general case in which r =
0.5, p1 = 0.1, p2 = 0.4 in the GAD channels. As the weak
measurement and measurement reversal operators are per-
formed, and the LQU of the quantum state is maximized when
m
(1)
1 = 1.2745, m
(2)
1 = 1.29, m
(1)
2 = 1.1175, m
(2)
2 = 0.939,
n
(1)
1 = 0.751, n
(2)
1 = 0.564, n
(3)
1 = 0.480, n
(1)
2 = 0.954,
n
(2)
2 = 0.884, n
(3)
2 = 0.759, where the LQU is 0.081. It need to
be noted that without M and N, the LQU after decoherence is
0.072.
To summarize, we list our results in Table. I, where we
have used ’2D Bell’, ’Non-symmetrical 2D’, and ’3D’ to rep-
resent ’qubit-qubit Bell state’, ’non-symmetrical qubit-qubit
mixed state’, and ’non-symmetrical qutrit-qutrit mixed state’,
respectively.
5IV. CONCLUSION
We use weak measurement and measurement reversal to
enhance the quantum correlations in a quantum system con-
sisting of two particles. The transitions of the quantum cor-
relations of two- and three-dimensional quantum states dur-
ing decoherence under generalized amplitude damping are in-
vestigated. We show that, after the weak measurement and
measurement reversal, the joint system become robust against
decoherence.
Except for the quantum correlations, we also care about the
fidelity of the final output state. The fidelity of the final state
ρ f is defined as [30]
F(ρi, ρ f ) = [Tr
√√
ρ fρi
√
ρ f ]2, (23)
where ρi is the initial state. In the first place we consider the
case of the qubit-qubit Bell state. It can be calculated that af-
ter decoherence, the fidelity is reduced to 0.56. When M and
N are performed, the fidelity of the final output is 0.52. As
for the qutrit-qutrit mixed state, the fidelity is 0.925 and 0.964
with and without M and N, respectively. However, the fidelity
for the non-symmetrical qubit-qubit mixed state has been im-
proved from 0.960 to 0.964 with weak measurement and mea-
surement reversal. To summarize, in most of the cases, due to
the different physical meanings of the quantum correlations
and fidelity, we can enhance the quantum correlations by sac-
rificing the fidelity [24]. But in some quantum states, it is still
possible to improve (or keep) both the quantum correlations
and the fidelity of the final state by using weak measurement
and measurement reversal.
It needs to be noted that some of our examples can be im-
plemented in nuclear magmatic resonance systems [31], linear
photon systems [32], nitrogen-vacancy centres [33], etc. We
expect our work may find further theoretical and experimental
applications.
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